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Abstract. We define homotopy-theoretic invariants, f)-invariants, of knots in prime man- 
ifolds. Fix a knot J in a prime manifold M. Call a knot K G M concordant to J if it 
cobounds a properly embedded annulus with J in AI x I, and call K J-characteristic if 
there is a degree-one map a : M ^ AI throwing K onto J and mapping M — K to AI — J. 
These fi-invariants are invariants of concordance and of J-characteristicness when a in- 
duces the identity on ■ki{AI), and may be viewed as extensions of Milnor's /I-invariants. 
We do not require the knots considered here to be rationally null-homologous or framed. 



1. Introduction 

It is well known that closed, orientable, prime 3-manifolds come in three forms: the 
first type have finite fundamental group and universal cover S^, the second type have in- 
finite, noncyclic fundamental group and contractible universal cover, and the third type is 
X S^. Manifolds of the first two types are irreducible, meaning that every embedded 

2- sphere bounds a ball. We define invariants for any knot i^T in a closed, orientable, prime 

3- manifold M; no choice of framing for K is necessary. However, we orient K when it 
represents a nontrivial class in tti{M). 

We consider concordance of knots in M, where knots K and J are concordant in M if 
they cobound a properly embedded cylinder in M x /. Concordant knots are freely ho- 
motopic, making the initial obstruction to concordance of knots the difference of their free 
homotopy classes. Yet deeper homotopy theoretic obstructions underlie concordance, and 
we investigate these here. We define new homotopy theoretic concordance invariants for 
knots in M. These invariants extend to knots in three manifolds the prior obstructions de- 
fined in [8l O \TT\ [To] . The invariants defined here are invariants of the Poincare embedding 
type of the knot. The term, while known to a few specialists, to my knowledge has not 
appeared in the literature in this context, so we elaborate below. 

Let 7 G 7ri(M) be a fixed homotopy class. A knot K in the conjugacy class of 7 deter- 
mines an inclusion of it's sphere bundle in M, ax ■ T'^ ^ Er- If K and J are concordant 
via a concordance C and if Ec C M x I is the exterior of C then the images of these 
homotopy classes, [ax] and [aj], agree in the set [T^,£'c]. Although the complement of a 
knot is not a concordance invariant, the knot determines the homology type of its exterior. 
In particular, as observed in Cappell and Shaneson [T], the exterior of a concordance is 
a Z[7ri(M)]-homology cobordism between Ek and Ej. Vogel defined a notion of homol- 
ogy localization of spaces, a functor A on pointed CW-complexes which is initial among 
functors that turn continuous maps between finite complexes with contractible cofiber into 
homotopy equivalences, together with a natural transformation from the identity functor 
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to A, |151 [5], In particular, a homology equivalence f :Y ^ X inducing a normally surjec- 
tive homomorphism on fundamental groups induces a homotopy equivalence f : Y ^ X. 
Returning to concordance, it follows that the image of the homotopy class [ax] under the 
set map [T'^,Ek] — >■ [T'^,Ek] is a homotopy theoretic concordance invariant of K. This 
invariant, a homological analogue for codimension two embeddings of the notion of Poincare 
embedding type that appears in Wall [16j, first appeared in the context of concordance of 
disk links in work of Le Dimet [5j . Our invariants are invariants of the Poincare embedding 
type of the knot in this sense. However, localization of spaces is an obscure construction, 
for which very little is known and for which computations are currently out of reach. By 
contrast, we expect our invariants to be highly computable, reducing to computations in 
three dimensional group homology. 

After fixing a Poincare embedding type one can try to construct a concordance between 
two knots by choosing a cobordism rel boundary of the knot exteriors, and using surgery 
techniques to modify this cobordism to a homology cobordism. This idea underpins Cap- 
pell and Shaneson's approach to high-dimensional codimension-two embeddings [Ij, and 
was refined in [2j to detect more subtle obstructions for knots in S^. We refer the reader 
to Carolyn Otto's thesis [12| for an illustration of why it makes sense to fix a Poincare 
embedding type before setting up a surgery problem. She considers the COT filtration of 
the string link concordance group, SC, which does not take Poincare embedding type into 
account, and cleverly shows the non-triviality of SCn.^/SCn+i by constructing elements 
with different Poincare embedding types (i.e. elements distinguished by their 7^-invariants). 
In contrast, there is a unique Poincare embedding type for knots in 5^, and it is still an 
open question if J-n.^/ ^n+i is nontrivial for any n for the COT filtration J-" of the knot con- 
cordance group. Our invariants can be recognized as extensions of the homotopy theoretic 
invariants of Orr for links in llOj. which are equivalent to Milnor's /I-invariants. We 

note that our invariants are not the first extension of homotop theoretic invariants to knots 
in non-simply connected manifolds. In [7J Miller extends Milnor's /I-invariants to knots in 
closed, orientable, aspherical, irreducible, Seifert fibered 3-manifolds that are homotopic to 

^7ri(M)' 



the Seifert fiber, although he considers knots up to 



-homology concordance. 



Fix a knot J in M. The inclusion of the exterior of J into M, Ej ^ M, induces an 
epimorphism 7j : vrj := tti{Ej) — )• G := 7ri(M) with kernel T^j. For n > 2 let Bn be the 

mapping cylinder of the induced map dEj K i — — , 1 ) , where r„7j is the n^'^-lower 



(VTj \ VTj 
, 1 is an Eilenberg-MacLane space for . Form 
l-nU J i-nlJ_ 

X„, an approximation of the decomposition of M as M = Ej Uqej ^iJ), where N(J) is 
a closed tubular neighborhood of J, by gluing a solid torus to i?„ along dEj such that fij 
bounds a disk. These {Xn}n>2 fit into a sequence up to homotopy 



Xn+l ^ Xn ^ ■ ■ ■ ^ X2 
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Given a knot K m M homotopic to J, if there exists a map r : Ex — >■ Bn making the 
fohowing diagram commute 

I^K ^fij 




where fij and fix are the meridians of J and K, respectively, then we may extend r to 
i)n{K,T) : M — > Xn- Our invariant, the homotopy class of i}niK,T) in [M, compares 
the decompositions M = Ek ^bEk ^{K) and M = Ej Uqej N{J) by obstructing the exis- 
tence of a map Ex Bn that extends to M — )• Xn- 

We call {r„7^}„>i the G-lower central series of ^a- The following Stallings'-type result 
(see [H] for more on Stallings' theorem), well known to experts, implies that concordant 
knots have isomorphic G-lower central series quotients: 

Proposition 12.41 If f : A B is a homomorphism over G and fi : Hi[A]'L[G]) — )■ 
Hi{B;'L[G]) is an isomorphism for i = 1 and an epimorphism for i = 2 then f induces 
isomorphisms 

for all n € Z. 

Call a map Ek — > Bn that extends over M as mentioned above extendable. We show 
that if K admits an extendable map to Bn then it induces an isomorphism of the first n 
G-lower central series quotients in a way that preserves certain peripheral data: 

Proposition [3T201 IfriEx^B n is an extendable map for a knot then t induces an 
isomorphism 

: = 

over G with o ]x {Hr) = ]j+i[Hj) and t^,[^k) = /o*^ 3 < 

An n-concordance between K and J is a properly embedded surface in M x I cobounded 
by J and K that "looks" like an annulus modulo its n*^ 7ri(M)-lower central series quotient. 

Theorem 13. 291 A knot K is n-concordant to J if and only if some j*^ ^-invariant ^j{K, r) 
is defined and trivial for all j <n. 

Since a concordance is an n-concordance for all n, we obtain the following corollary. 

Corollary I3.30L // K is concordant to J then for each n there is an extendable map r such 
that \]n{K,T) is defined and trivial. 

Finally, recall that a knot ii' in M is J -characteristic if there is a continuous degree-one 
map a:M^M such that a{K) = J and a{M - K) Q M - J. 

Theorem I3.31L Let K be a knot in a closed, orientable, aspherical 3-manifold. If K is 
J -characteristic via a map a : M —?■ M that indices the identity on G then K has trivial 
^-invariants. 
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As a special case of this, let L C 5^ be a knot and let r/ be a curve in Ej that bounds a 
disk in M. Denote by J(r/, L) the satellite of J formed by 

(M - N{it)) U-{S^ - N{L)) , 

where if and denote the longitudes of r] and L, respectively, then ~ A^^ and 
~ Mr;- This manifold is diffeomorphic to M via a map that is the identity outside a 
regular neighborhood of the disk bounded by rj. In particular, this diffeomorphism induces 
the identity homomorphism on G. 

Theorem 13.351 Let J he a homotopically essential knot in a closed, orientahle, aspherical 
3-manifold. Let rj be a curve in Ej that hounds an emhedded disk in M and let L he a knot 
in S"^. Then J{rj,L) has trivial [^-invariants. 

While we expect these invariants to be highly nontrivial for knots in most closed, ori- 
ented, prime 3-manifolds, there are a few cases where we expect the invariants to be trivial. 
For example, if M = 5^ x 5^ and K generates 7ri(S'^ x S'^) = Z or if M is a lens space 
with prime-order fundamental group and K is homotopically essential then these invariants 
will likely be trivial. Indeed, if Hi (£'i^;Z[G]) = Z these invariants will be trivial since 
Z has trivial lower central series. However, if M is a lens space with fundamental group 
of composite order and K does not generate 7ri(M), if if is a knot in a manifold of the 
second type, or if is a knot in x S'^ representing a class with norm at least three 
in 7ri(S'"'^ X S'^) = Z then these invariants will likely be highly nontrivial. The reason is 
that these invariants essentially measure the homotopy class of the boundary of a tubular 
neighborhood of the knot in the target space X„, and manifolds with nontrivial fundamen- 
tal groups allow knots to link themselves nontrivially, creating interesting toral embeddings. 

The paper is organized as follows: we review some basic definitions in section 12. H and 
give the analogous definitions for based spaces in section 12.21 We define the category of 
groups over G and prove Proposition 12.41 in section 12.31 In section 13.11 we define the f)- 
invariants. We construct the spaces in section [3^ We define extendable maps and 

prove Proposition 13 . 20] in section [3^ We investingate the indeterminacy of the f)-invariants 
in section 13.41 We introduce n-concordance and prove Theorem 13.291 and Corollary 13.301 in 
section 13.51 Finally, in section 13.61 we consider J-characteristic knots in manifolds of the 
second type and prove Theorems 13.311 and 13.351 

Acknowledgments. This work of deducing a coherent model for studying free isotopy 
classes of circles in general 3-manifolds started several years ago. I am greatly indebted to my 
advisor Kent Orr for many helpful conversations and for his overwhelming encouragement. 

2. Preliminaries 

Henceforth we work in the smooth category and consider knots in closed, oriented, prime 
3-manifolds. In particular, we allow homologically nontrivial knots. In Section 12.11 we 
present some necessary definitions from knot theory. We give analogues of these same 
definitions for based knots in Section[2]2j In Section [2]3] we define the G-lower central series 
and prove a Stallings' theorem for the G-lower central series. Recommended references are 
[3], [Sj, and [L3\. 
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2.1. Knots and concordance. 

A knot K in a 3-manifold Af is an oriented one-dimensional closed submanifold. We will 
assume that M has base point p & M and that K does not contain p. We also assume that 
K is based via an embedded path from p, although the choice of path will not matter for the 
results of this paper. The exterior of K is the complement of an open normal neighborhood 
of K, Ek = M — N{K), based at p. Note that the inclusion ix '■ Ek ^ M induces an 
epimorphism '^k ■ T^iiEx,?) ^^liM^p). We denote the fundamental group of Ek by ttk 
and the fundamental group of AI by G. 

A meridian hk of K is an embedded curve in OEk that represents a primitive element 
of Hi{dEK) and bounds a disk in N{K). It is uniquely determined up to isotopy in dEx- 
We will abuse notation by letting denote the curve in M, its isotopy class in dEx, its 
homology class in Hi(Ek), and its homotopy class in ttk, where in the last case we regard 
fiK as being based via the path basing K. 

A knot K in M is L- characteristic if there is a continuous degree-one map a : M M 
such that a{K) = L and q(M - K) C M - L. 

Two knots K and L are said to be cobordant if there is an oriented submanifold V of 
M X I that meets the boundary of M x / transversely with V D (M x {0}) = L x {0} and 
V n (M X {!}) = K X {!}, and such that the orientations of L x {0} and K x {1} agree 
with the orientations induced by V. 

If K and L are cobordant then we can always choose V to be disjoint from {p} x I. 
We call Ey = M x I — N(V) the exterior of F in M x /, where N{V) is an open normal 
neighborhood of V that is disjoint from {p} x I. A meridian of ^ is an embedded 
curve in dEy that is isotopic to ^k- The path p{t) := p x t induces an isomorphism 
/9* : Tri{Ev,p x 1) — > Tri{Ev,p x 0) by = p * f * (where we read concatenation of 

paths from left to right). We therefore write 'iri(Ey,p x 1) = 'Ki{EviP x 0) and denote both 
of these groups by vry. 

If y is a concordance between K and L then the inclusions ll : El ^ Ey and lk ■ 
Ek ^ Ey induce homomorphisms : vr^, — > Try and lk ■ t^k — > ^ry, respectively, and the 
inclusion iy '■ Ey ^ M x I induces an epimorphism ^y : ny — )■ G = 7ri(M) such that the 
following diagram commutes 



We call a cobordism V a G-homology concordance if the inclusions ll : El ^ Ey and 
Lk '■ Ek ^ Ey induce isomorphisms on ;Z[G]). We call V a concordance if it is 

homeomorphic to x I. A Mayer- Vietoris sequences argument shows that a concordance 
is a G-homology concordance (see also Proposition 2.1 of ^). 




G. 
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2.2. Based knots and based concordance. Recall from the previous section that p & M 
is the base point of M. 

A based knot is a knot K together with a choice of embedded path q in M from 
p to K that intersects K only at the endpoint. We call a a basing of K. If and Kp 
denote a knot K based along paths a and /3, respectively, then conjugating by o;/3~^ defines 
a homomorphism a : 7ri(M, p) — )• 7ri(M,p) such that cj([Xq,]) = [Kp\. When the basing is 
clear from the context we will drop the subscript and simply write K. 

We may assume that a given basing a oi K intersects the open normal neighborhood 
N(K) C M in an interval. Therefore, the exterior of Ka is the exterior Ek of the un- 
based knot K, with base point p. We abuse notation by writing dEx U a for the space 
{OEk U a) — {N{K) n a). Moreover, whenever we refer to dEx U a we assume that this 
"truncated" part of alpha is reparameterized as a path with domain / and a(l) € dEx- 
The inclusion dEx U a Ex induces a homomorphism ■Ki{dEx U a,p) — > ttx- 

A meridian of the based knot Ka is a loop ^Xa = a * A'A' * in (9£^k U a, where y^i^- 
is a meridian for the unbased knot K that passes through a(l). We will usually drop the 
subscript a when referring to a meridian or longitude of a based knot. 

We say that and Kp are based cobordant (resp. based concordant) if there is a cobor- 
dism (resp. concordance) V between K and L such that ^ix and /u^ have the same image 
in Try under ttx t^v and tt/, ^ vry, respectively. If La and i^^j are based cobordant (resp. 
based concordant) then they are cobordant (resp. concordant). However, the converse is 
not true. It is often possible to find two different basing /3i and /32 of K such that Kp^ is 
not homotopic relative p to Kp^. We say that La and Kp are G-homology concordant if 
they are G-homology concordant as unbased knots. It can be shown that if L is concordant 
to K (as unbased knots) via a concordance C then given any basings a and 13 of L and K, 
respectively, there is an inner automorphism a of ttq such that (7{fj,x) = fJ^L- 

2.3. The G-lower central series. For more on the category see [1]. 

Definition 2.1. Fix a group G. Let J^Q'^ denote the category whose objects are group 
homomorphisms 'Ja ■ A ^ G and whose morphisms f ■ 'Ja ^ IB are group homomorphisms 
f : A B making the following diagram commute: 



A 




B 



G 



Let Q denote the full subcategory of whose objects are epimorphisms 'ja '■ A ^ G. 
We call morphisms in TQ'^ and Q'^ homomorphisms over G. 

Definition 2.2. For an object ■ja G J~Q'^, define 

T-fA = Ker{7A}. 
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Definition 2.3. Define the G-lower central series of an object -ja G J'G'^ by 

ri7^ = T-fA 

and 

r„+i7A = [ri7yi,r„7yi]. 

In particular, the G-lower central series of "Ja is precisely the lower central series of Tja- 
For convenience, we will drop the subscript of Ti and simply write r7^ for Ti'ja- It is clear 
that for ^A '■ A G this defines a normal series 

A > T-/A > r27A > ■■■ > r„7A > ■■■ . 

Proposition 2.4. If f : ja ^ is a morphism in and fi : Hi{A; — > Hi{B; 
is an isomorphism for i = 1 and an epimorphism for i = 2 then f induces isomorphisms 

f ■ ^ ^ 

for all n 7j. 

Proof Because Hi{TjA) = H^{A;Z[G]) and Hi{TjB) = Hi{B;Z[G]), Stallings' Theorem 
implies that / induces an isomorphism > for all n. The result now follows by 

r„7A r„7B 

applying the Five Lemma to the following commutative diagram of short exact sequences 
induced by /: 

r7A A 

—^G -0 



T'jB B -IB 



G 



□ 



Example 2.5. Consider the following short exact sequence 

L 7 F 
^ F2 ^ F X Z — ^ — ^ 

where F is the free group on two generators x and y, Z is generated by t, and F2 is the 
commutator subgroup of F. Define l : F2 ^ F x'Lhy = for any word 

uj ^ F xX,. Then r7 = F2 is the free group on infinitely many generators and r„7 = {F2)n- 
F 

One can show that — is the fundamental group of the Heisenberg manifold, a circle bundle 

over the torus, and that F x Z is the fundamental group of the complement of a fiber in 
this manifold. 

3. HOMOTOPY INVARIANTS 

Fix a based knot Ja in M; this is the knot to which we will compare all other based 
knots. In Section [3.21 we will explicitly construct an infinite tower of spaces 



^n—l 
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that depends on J^. The X„ can be thought of as successive approximations of Ej. Our 
goal in Section 13.11 is to associate to any suitable unbased knot K a homotopy class f) € 
[M, To do this, we first associate to any suitable based knot a homotopy class 
f) € [M, X„]o. We discuss in 13.41 the extent to which [} depends on the basing (3. The 
definition of these invariants requires the notion of an extendable map, which, for brevity, 
we put off defining until Section [3.31 Roughly speaking, two knots are n-concordant if they 
cobound a surface V that "looks" like an annulus modulo Tn'jv- We investigate the intimate 
relationship between {)-invariants and n-concordance in Section [3.51 Finally, we investigate 
the relationship between f)-invariants and J-characteristicness in Section [3.61 

3.1. The invariant. 

Definition 3.1. A boundary condition is a pair (t,/x) consisting of a homomorphism f : 
H ^ IT, where H is a free abelian group on two elements, and a primitive element £ H. 
Note that the boundary condition does not carry with it a particular choice of isomorphism 
H = 1?, and | need not be injective. We abuse notation by simply writing ji for t(/^)- 
Later, we will have a commutative diagram, 



H 




vr 



G 



making f a morphism in J-Q . 

Definition 3.2 (Whitehead [T7], p. 244). Given a group vr, an Eilenberg-MacLane space of 
type (it, 1) is a based space K{-ir, 1) such that vr^ {K{-ir, 1)) = for all n > 1 together with 
an isomorphism vri {K{tt, 1)) — )■ vr. 

Remark 3.3. We now associate to the boundary condition (t,/u) a space that is well-defined 
up to based homotopy equivalence. Let T^, a torus, be an Eilenberg-MacLane space for H, 
and let * denote the base point of T^. With some abuse of notation, let /i be an embedded 
curve in containing * that represents the class // G ff. Let K{it, 1) be an Eilenberg- 
MacLane space for vr, based at a point b. The homomorphism f determines a based map 
f : — >■ K{7r, 1), up to based homotopy. Let be the mapping cylinder of j, 

^ _ T^xlUKjTT,!) 

We will abuse notation by denoting x {1} and /i x {1} by T and fi, respectively. Define 

X^ = B^U ST, 

where the solid torus ST is attached to T via a homeomorphism d{ST) = T so that fi 
bounds a disk in ST. Both and X-^ are based at the point b G i^(vr, 1). We connect T 
and /i to the base point b via the straight-line path along T^ x I from (*,0) 6 to (*, 1). 
Since homotopy pushouts are homotopy invariant, the space is well defined up to based 
homotopy type. Hence, we drop the subscript and simple write X for X^. 

Definition 3.4. We call X the complex of the boundary condition (t,/i). 

Definition 3.5. Let -RT^ be a based knot. Let Hk = Tri{dEK U /3,p) and let \k '■ Hk t^k 
be the homomorphism induced by dEx U /3 Ek- Call {]K^^J'K) the boundary condition 
associated to Kp. ]k may be viewed as a morphism in FQ^ . 
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Definition 3.6. Fix a based knot J^; this knot will remain fixed for the duration of the 
article. For n > 2, define 

to be I J followed by the canonical quotient homomorphism. Define the n^^-knot complex 
of Ja, denoted X„, to be the knot complex associated to the boundary condition (t„,;Uj). 

Denote the mapping cylinder of — > K ( , 1 ) , as in Remark 13.31 by Bn- Let T„ 

and fij denote x {1} and //j x {1}, respectively. Denote the base point of Bn by b, 
for all n. We abuse notation by letting 7j denote the epimorphism of fundamental groups 

— > TTi(Xn) induced by the inclusion Bn — t- Xn- 

The spaces {Xn}n>2 were defined with respect to the fixed knot J and can be thought 
of as successive approximations of the decomposition M = Ej Ugjv(j) ^(J)- Given a knot 
K (freely) homotopic to J in M, the invariant below compares to J by comparing the 
decomposition M = Ek ^dN{K) N{K) to Xn- 

Definition 3.7. Let Kp be a based knot such that [Kp] is conjugate to [Jq] in G. Let 
r : Ek — > Bn be an extendable map for Kp as in Definition 13.151 with epimorphism 
7_ft: : T^K — >■ G. Then it extends to a based map f)„(i^, r) : M — Xn by Proposition 13.171 
and we obtain a based homotopy class [f)„(K, r)] G [M, X„]o. We refer to the based class 
[f)n(i^, r)] G [M, X„]o as an n!'^ [)-invariant for the based knot Kp. We define the free 
homotopy class 

[fl„(K,r)] G [M,Xn] 

to be the n*'^ \)-invariant of the pair {K,t). Let r„ : Ej — > i?„ be as in Example 13.181 
We say that [f)„(i^, r)] is J -trivial (or simply trivial when J is clear from the context) if 
[^n{K,T)\ = [f)„(J,T„)] in [M,Xn]. That is, if ^n{K,T) is freely homotopic to f)„(J,Tn). 

3.2. Boundary conditions and knot complexes. We now construct the tower of spaces 

5~ Xn ^ Xn-l ^ • • • ^ X2 . 

Definition 3.8. Let (fo : ^^^o ^ ^0)/"o) and (ji : Hi — > 7ri,/xi) be boundary conditions. A 

homomorphism (resp. isomorphism) of boundary conditions 

P ■■ (to,/^o) (ti,Mi) 

is a homomorphism (resp. isomorphism) p : ttq tti with p(/Uo) = fJ-i and which restricts 
to an isomorphism p : fo(-f^o) — \i{Hi). 

Remark 3.9. Since Hq and Hi are both isomorphic to Z^, given any homomorphism p : 
TTo — >■ TTi that restricts to an isomorphism ]o{Hq) = ti(-f^i) with p{fio) = /^i, there exists an 
isomorphism Hq Hi making the diagram 

^0 " - Hi 



to 



tl 



TTo ^ TTi 

commute. We will freely make use of this fact in the future without explicitly choosing such 
an isomorphism. 
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Proposition 3.10. Let p : (fo,/io) ~^ (ti)^i) be a homomorphism of boundary conditions, 
let Xi be the complex of (fj,/ij), and let Tj and /ij denote T and fi in Xi, respectively (see 
Remark \3. Then p induces a based map P : Xq — )• Xi, well defined up to based homotopy, 
such that P {K{t[q,1)) C K{-ki,1) and P{Tq) = Ti with P{fJ-o) = fj-i- Moreover, if p is an 
isomorphism then P is a homotopy equivalence. 

Proof For i G {0,1}, let : K^m,!) be a based map induced by fj, let /ij C T 

be an embedded curve representing € Hi, and let X-^. = B-^. U ST, as above. The 
homomorphism p : ttq — > vri induces a map Q : K^ttq, 1) — >■ K{7ri, 1) up to based homotopy, 
and hence a map Q : X^^ — >■ Xqo^q, up to based homotopy, with Q{Tq) = Tgofo and 
Q{fj-o) = ^Qofo ) and which is easily seen to be a homotopy equivalence if p is an isomorphism. 
Since = p : to(-f^o) ti(-f^i) isomorphically withp(//o) = /^i, there is a based homotopy 
equivalence R : ^Qofo ~^ that maps K{iti, 1) to itself and Tgofo to Ti with /iQofo Ml- 
We define P:=RoQ. □ 

Lemma 3.11. For each n, there is a canonical isomorphism 7ri(X„,6) = G. 

Proof. Recall that Xn = Bn Ut,i ST, where ST is attached so that fij bounds a disk. The 
Seifert-van Kampen Theorem implies that 7ri(X„, b) is the pushout of the following diagram. 



z 



where the kernel of the vertical arrow is the subgroup generated by fij. Hence, there is a 
unique homomorphism 7ri(X„,6) — )• G making the following diagram commute. 




where the bottom-left homomorphism Z — t- G sends the generator of Z to the homotopy 

TTj 

class of Ja and ?■ G is the canonical epimorphism induced by Jj '■ ttj G. Since nj 

V^j IT J 

normally generates in , ■Ki{Xn,b) — )• G is an isomorphism. □ 

r„7j r„7j 

Remark 3.12. Henceforth we fix this isomorphism between 7ri(X„,6) and G, and write 
^i{Xn,b) = G. 

71"J TTj 



Remark 3.13. The canonical epimorphisms qn+i,n 
boundary conditions 



rn+l7J 



(tn+1, Atj) 



(tn,/ij) 



rn7J 
t2,Mj) 



induce a tower of 
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By Proposition 13.101 this tower of boundary conditions induces a tower of knot complexes 

^ V Qri + l,n ^ ^ 

^ ^n+1 ^ A„ ^ • • • ^ A2 . 

Each map in the tower induces the identity homomorphism on G and is defined up to based 
homotopy equivalence. We therefore obtain maps of sets 

■ [M, Xn+l]o [M, Xn\o 

defined by Qn+i,n ([/]) := [Qn+i,n o /]. 

We place the following theorem here for completeness. Extendable maps are defined in 
Definition 13.151 

Theorem 3.14. Let Kp he a based knot and suppose there is an extendable map r : 
Ek — > Bn+i for Kp. Then there is an extendable map f : Ek — )• for Kp such that 

g„+l,n([f)n+l(i^,r)]) = [f)„(K,f)]. 

Proof. Since T^+i is a sub-complex of the CW-complex Bn+i we may assume that qn+i,n '■ 
(tn+ijA'j) ~^ (tn)/"j) induces a map Q : Bn+i — >■ Bn that restricts to a homeomorphism 
from T„+i to T„ with Q{nj) = iJ,j and such that Q {Bn+i — T„_|_i) Q B^ — Tn- Then 
f := Q o T : Ek — Bn is the desired extendable map. □ 



3.3. extendable maps. We now define extendable maps and show that if Ej^ — ^ B^ is 
extendable then it induces isomorphisms on the first n G-lower central series quotients, 
preserving peripheral data. 

Definition 3.15. Let be a manifold, possibly with boundary, based at q £ N, together 
with an epimorphism 'j^- : TTi(N,q) G. Let y C be a codimension-two connected sub- 
manifold, not containing q, with trivial normal bundle and dV C dN, meeting transversely. 
Let Vp denote V with a choice of basing (3. Let N(V) be an open regular neighborhood of 
V that intersects /? in a subinterval, let be the meridian of V, let Ey = N — N{V) based 
at g, and let vry = 7ri{Ev, q)- Let 7y : vry ^ G be the epimorphism of fundamental groups 
induced by the inclusion of Ey into followed by 'Jn- We call a based map / : Ey — > Bn 
extendable if all of the following hold: 

(i) fidEy) C Tn and f{fiy) = fij, 

(ii) /, {TT.idEv U /?, q)) = U{Hj), and 

(iii) /=„ : TTy — )■ is a morphism of as in the following diagram: 

r„7J 




G 



If V is not connected, we call a based map / : Ey — )• Bn extendable if it satisfies (i) - (iii) 
for each connected component of V. 



Remark 3.16. 
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(1) The definition of extendable requires botli a clioice of basing for V and a choice of 
epimorphism : 7ri(A^, q) — )• G. 

(2) If V is not connected then a choice of basing is required for each connected compo- 
nent of V. 

(3) If / only satisfies (ii) and (iii) of Definition 13.151 with = /ij then / is based 
homotopic to an extendable map. 

Proposition 3.17. /// : Ey B is extendable then it extends to a based map f : N ^ X . 

Proof. We assume that V is connected because it is sufficient to prove the result for each 
connected component of V. Choose a homeomorphism N(y) = V x D^, where N{V) is 
the closure of N{V), such that {*} x is identified with for some point * £ V. To 
prove the result we show that / : F x S"^ — )• T„ extends to a map F : V x ST. Let 

e*^ = * be the 0-cell of V and let {e^}"^^ be the A:-cells of F for 1 < < n. Let and 

be the 0-cell and 1-cell of S^, respectively, and let f'^ be the 2-cell of D^. Then V x 
has a CW-decomposition with 0-cell e° x /°, 1-cells {ej x and e° x and 2-cells 

{Cj X and {e] x f^}^Li- V x D"^ has the same 0- and 1-cells, but one-additional 

2-cell, e^ X that is attached by a degree-one map to e^ x f^. Since f{e^ x f^) = fi, F 
extends to a map from V x UgOx/i to ST. F extends / over the 2-skeleton of y x D^. 
We may now extend F over the remainder of V x because ^^^{ST) = for all k > 2. □ 

VTj 

Example 3.18. The canonical epimorphism Qn : ttj ^ induces an extendable map 

r„ : Ej — )• Bn, well defined up to based homotopy. In this case the diagram in (iii) of 
Definition 13.151 is 




Proposition 3.19. Let K be a knot in a closed, oriented, prime 3-manifold M. 

(1) // either M is irreducible or M ^ x 5^ and [K] = e tti{S^ x 5^) ^ Z then the 
inclusion BEk ^ M = Ek ^oek ^iK) induces an isomorphism 



Hi {dEK-, Z[G]) ^ Hi {Ek; Z[G]) Hi [NiK); Z[G] 

(2) // [K] has infinite order in 7ri(M) then 

H2(EK;nG]) = H2{r-fK) = 0. 

(3) If M is irreducible and [K] has infinite order in 7ri(M) then 

Hi [EK^nG]) ^ Hi {dEK-, Z[G]) ^ Hi (/i^; Z [j^] ) = 0^ Z 

as 7j[G]-modules, where [K\L d G is the infinite cyclic subgroup generated by [K] 
G 

and - — ; — is the set of riqht cosets of \K\L in G. 
\K\L ^ ^ 
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(4) For any knot K in M , if t '. Ek — ^ extendible then the imcige of the homo- 

morphism 

induced by r equals the image of 



H2 (r7j) ^ H2 

induced by Qj : ttj — )■ for all j < n. 



Proof. For the first statement consider the following long exact sequence induced from the 
decomposition M = Ek N{K): 

H2{EK;nG]) 

H2 (OEk; Z[G]) > . ® . H2 (M; Z[G]) 

H2[NiK);Z[G]j 

(*) 

Hi{EK;nG]) 

Hi {dEKinC]) . ^ , Hi (M; Z[G]) 

iJi(iV(if);Z[G]) 

If M is irreducible then Hi{M-Z[G]) = H2{M;Z[G]) = (being the homology of the 
universal cover of M), establishing (1). If M ^ 5^ x 5^ then Hi [S^ x 5^; Z[Z]) = 0, so we 
need only consider 

H2 (S^ X S^; Z[Z]) ^ Hi {dEx; Z[Z]) . 

Since [K] = the image of T[i{dEK) — > vri(S'^ x 5^) = Z is trivial, so dEx lifts to an infinite 
number of tori (one for each element of Z) and, if 5' is a sphere representing a generator 
of H2 [S^ X S2;Z[Z]) ^ (M X ^ Z then H2 (5^ x S'^-'L[Z]) Hi {OEk^^^) is 
given by the intersection of S with the lifts of OEk- Since K is null-homotopic in x 5^ 
these intersection curves must pair up so as to sum to zero in Hi (9£^i^; Z[Z]), making 
H2 [S^ X 5'2;Z[Z]) ^ Hi {dEK]^^) the zero map. This establishes (1). 

If [K] has infinite order in G then i^s (^-E^; Z[G]) = 0. Moreover, H2{Ek;I^[G]) 
H2 (r7x) is surjective by Hopf 's theorem. If M is irreducible then (2) follows. If M = 
X 52 then Hi {dEK;^^]) = Z [Z[^]]. By a similar argument to that of (1), if S is a 
sphere representing a generator of H2{M. x S'^) and t generates Z^jq then 

H2{R X S^) ^ Hi {dEK;Z[Z]) 
hy [S]^l + t + --- + establishing (2). 

If M is irreducible and [K] has infinite order in G then Hi (jSf{K);Z[G]j = and 

G 



Hi{dEK;nG])^Hi(iiK;Z 



lim. 



G 
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establishing (3). 

If [K] has infinite order in G then (4) follows from (2). Consider the commutative 
diagram, 



H2 {dEK-, Z[G]) — ^ H2 {Ek; Z[G]) ^ H2 (F^k) > H2 



H2 (r„; Z[G]) > H2 {B,,- Z[G]) > H2 



FnlJ 



Ho 



H2 {dEK-, Z[G]) H2 {Ek; Z[G]) ^ H2 {Tjk) 



where H2 (Ek', ^[C]) H2 (XIk) is surjective by Hopf's theorem. If M is irreducible then 
H2 (9£'i^;Z[G]) — >■ H2 (-Ei^;Z[G]) is surjective by the long exact sequence (:*r), establishing 
(4). Suppose that M = x S'^ and K is null-homotopic in M. Then from the long exact 
sequence (★) we obtain a short exact sequence as follows: 

^ H2 {dEK-, Z[Z]) H2 (Ek; Z[Z]) H2 {S^ x S^; Z[Z]) 

Since H2 [S^ x S'^;Z[Z]) = Z is a free abelian group H2 (£'k;Z[Z]) splits as a direct sum, 

H2 {Ek^^Z]) ^ H2 {dEK;Z[Z]) e H2 {S^ X S^;Z[Z]) . 
Hence, we obtain the following commutative diagram: 

H2 {dEK-, Z[Z]) © H2 (M^ X — ^ H2 (Ek; Z[Z]) 



H2 {OEk; Z[Z]) © H2 (7ri(Mi X S^)) ^ H2 {ttk; Z[Z]) 

As H2 (7ri(]Ri X 52)) = 0, H2 (dEK; Z[Z]) H2 (T-fK) is surjective and (4) follows. □ 

Proposition 3.20. If t : Ek Bn is an extendable map for a knot Kp then r induces an 
isomorphism 

r ■ ^ 

over G with r* o ]k {Hk) = ^j+i{Hj) and T^{iJLK) = fJ-j for all j < n. 

Proof. It follows from the definition of extendable map that r* o ^k{Hk) = ]j+i{Hj) for 
j <n and t*{hk) = yUJ- 

It remains to show that r* induces an isomorphism between ''^^ — and ^'^ — . It is 

clear that r extends to a map r : M ^ Xn such that r : BEk Tn homemorphically with 
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TifJ-x) = fJ-j, and, since r is extendable, 
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Hk 

TTk 



H. 



K 



H 



J 



TTK 



IK 



7J 



G 



commutes for j < n. Hence, we obtain the following commutative diagram of long exact 
sequences: 

^ H2 (M; Z[G]) ^ H2 (M, Ek; ^ Hi {Ek; Z[G]) ^ 



H2 {Xn, Z[G]) H2 {Xn, Bn;Z[G]) Z[G]) > 



H2 (M; Z[G]) > H2 (M, Ej; Z[G]) > (Ej- Z[G]) > 



where Hi (M; Z[G]) = Hi Z[G]) = 0, being the homology of the universal covers of M 
and Xn, respectively. By excision, for L = K,J 

H2 {M,EL;nG]) ^ H2 {N{L),dN{Ly,Z[G]) ^ H2 (ST,r„;Z[G]) ^ H2 (X„,5„;Z[G]) . 

Moreover, the image of 

H2 (M; Z[G]) ^ H2 (M, Ek; Z[G]) ^ H2 Z[G]) 

equals that of 

H2 (M; Z[G]) ^ i?2 (M, Ej; Z[G]) ^ i/s {Xn, B^, Z[G]) . 

Since 

Hi{Ej;Z[G]) ^ Hi(Bn;Z[G]) 



is an isomorphism (recall. Hi (£'j;Z[G]) 



r27J 



i?i(S„;Z[G])), 



- i^i (Si,; Z[G]) ^ /fi (5„; Z[G]) - 



is an isomorphism. 



16 



PRUDENCE HECK 



Consider the following commutative diagram of five-term exact sequences for j < n, with 
vertical maps induced by r: 



H2 (T^k) 



H2 (Ftj) 



Ho 



r.j+i7J 







The image of H2 {^'Jk) in H2 



is precisely the image of H2 (^Jj) by Proposition 



13.191 We showed that :;; = :;; . Suppose that — = — for j < n. Then 



— by the commutativity of the above diagram. It follows from the Five 



Lemma applied to 



that 



K 



0- 

^IJ 

0- 



^jlJ T-fj 

Applying the Five Lemma to 



TTK 



Tj+iTJ 



we conclude that that 



TTK 



Tj+iTJ 



for all j < n. 



□ 



3.4. indeterminacy of f)-invariants. We now investigate the dependence of f)„(-R', r) on 
(3 and r. 

Proposition 3.21. Suppose that tq : Ek is an extendable map for the knot Kp^^. 

If j3i is another basing for K then there is a canonical choice, up to based homotopy, of 
extendable map ti : Ex for Kj^^ such that tq)] and [f)„(K/3j , ri)] differ in 

[M^Xn\Q by an inner automorphism of G. In particular, f)„(i^^j,ri) is freely homotopic to 



HOMOTOPY PROPERTIES OF KNOTS IN PRIME MANIFOLDS 



17 



Proof. Let Ki denote -fC^. for i = 1,2, let Hi = 'Ki{Ek U and let /ij be the meridian 

of Ki. Suppose that tq : Ek^, Bn is extendable and let be the homomorphism of 
fundamental groups induced by tq. If a = * I3q^] then conjugation by n(a) induces an 

isomorphism a^- (a) : vri (-Bn) = > — such that a^- (a){fJ'j) = and the following 

diagram commutes: 



J 



Since is an Eilenberg-MacLane space, crT-,{a) induces a based homotopy equivalence 
/ : Bn — >■ Bn which is freely homotopic to the identity map. Moreover, we may assume 
that / restricts to a homeomorphism from T„ to T„ with /(/Uj) = fij because T„ and 
are also Eilenberg-MacLane spaces and the inclusions fij ^ Tn ^ Bn are cofibrations. 
By an obstruction theory argument we may extend / to a map F : X„ — )• X„ that is 
freely homotopic to the identity map. The induced automorphism of G, F,,, is conjugation 
by 7j(T*(a)). Define ri := / o tq, so ti : Ek — > Bn is an extendable map for Ki and 
i){Ki,Ti) = F o t){KQ,TQ). Since F is freely homotopic to the identity on X„, l)n{Ki,Ti) is 
freely homotopic to f)„(ii'o, tq). □ 

Definition 3.22. Define j4„ to be the group of automorphisms of the boundary condition 
(tn,/^j) over G, 



An ■■= {P ■■ (tn,/^j) ^ (tn,Atj) 



1.J°P = 1J 



Proposition 3.23. If f,g : Ek B n are extendable maps for a based knot then there 
is an element p € An inducing a based homotopy equivalence P : Xn — >• Xn such that 
P-t : 'Ki{Xn) —5- iTi{Xn) is the identity homomorphism and P o \]n{K,f) is based homo- 
topic to \]n{K^g). In particular, P induces a bisection P : [M,Xn]o [M,Xn]o such that 
P{[UK,f)]) = [i}niK,g)]. 

Proof. By Proposition 13.201 / and g induce isomorphisms : 7; = — over G 

with f^inK) = g*{l^K) = that restrict to isomorphisms between ]k{IIk) and f„(-ffj). 
The automorphism p := g* o f~^ : — — — > — — is therefore an element of An. By 

r„7j r„7j 

Proposition 13.101 p induces a based homotopy equivalence P : Xn Xn, and hence a 
bijection P : [M, Xn]o — ^ [M, Xn]o. Since P\b„ 0/ is based homotopic to g, P {H)n{K, /)]) = 
[P o /)] = (7)]. By the construction of P in the proof of Proposition 13. 10^ 

P* : 7ri(X„) — > 7ri(X„) is the identity homomorphism. □ 



3.5. n-concordance. We define n-concordance and show that some n f)-invariant is de- 
fined and trivial if and only if K is n-concordant to J. As a consequence, if K is concordant 
to J then K admits trivial f)-invariants for all n. 

Definition 3.24. We say that a based knot Kj^ is n-concordant to the based knot Jq, if 
both of the following hold: 
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(1) There is a cobordism V C M x I from K to J. Note that the inclusion of : Ey — > 
M X I induces an epimorphism 7^ : vry = Tri{Ev) — > G, and we consider Ey as a 
space equipped with this coefficient system. 

(2) When V is based via a the composition 

7ri(5£^j) — )• 7ri(5£^v') ^ 



is an epimorphism onto the image of iri^dEv) in 



We say that -fC^ is tosed n-concordant to if there is an n-concordance V such that 



Remark 3.25. 

(1) Unless stated otherwise, we regard y as being based via a and we take fiy = 
lij X {0}. 

(2) Changing the basing of an n-concordance V induces an inner automorphism of vry. 
In particular, there is an inner automorphism a : vry — > vry such that j) = fiK- 

(3) For a based ra-concordance we do not require that hk = IJ-j in Try; we only require 
that they be equal in ^ . 



Proposition 3.26. // Ey is an n-concordance between Ek and Ej then the inclusion 
ll ■ El — )• Ey, for L = K,J, induces an isomorphism over G 



for all j < n. 

Proof. We will prove the result for K (the proof for J is analogous) and so we regard V 
as being based via the basing of K, since this makes sense when considering the inclusion 
i = lk- As in the proof of Proposition 13.201 we show that i induces an isomorphism 



and then prove the general result by induction. 



By construction, M = Ek^qek^{K) andMx / = Ey^QEv^iV) such that M ^ Mxl 
is a homology equivalence with any coefficients, dE^ ^ dEy, given by inclusion, induces 
a homeomorphism with one end of dEy, and N(K) ^ -^(^) induces a homeomorphism 
with one end of N(V). Consider the following diagram of long exact sequences. 



H2{M;Z[G]) 



H2 (M X I:Z[G] 



H2{M,EK;nG]) 



H2{M X I,Ey;Z[G]) 



Hi{EK;nG]) 



■Hi{Ey;Z[G]) 



(**) 
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where Hi (M; Z[G]) = Hi (M x /; Z[G]) = 0, being the homology of the universal covers of 
M and M x I, respectively. By excision, 



and 



H2 (M,Ek;Z[G]) ^ H2 (^N{K),dN{Ky,Z[G]^ 
H2 (M X I,Ev;Z[G]) ^ H2 (]V(F), 5iV(y); Z[G]) 



Prom the inclusion N{K) ^ N{V) we obtain 

H2 (n{K), dNiK);Z[G]^ Hi {dN{K);Z[G]) Hi (n\K); I.[G]^ 



^ H2 (^N{V),dNiV);Z[G]^ ^ Hi {dN{V);Z[G]) Hi (iV(y); Z[G]) ^ 

where H2 (n\K); Z[G]) = H2 (n\V); Z[G]) =0 since mx) and 'N{y) each have the 

homotopy type of a 1-complexe. U V x = N{V) is a framing such that {*} x = fix 
for some * & K C V then, under this framing, the above commutative diagram becomes 
the following: 

^H2[N{K),dN{Ky,Z[G]) > © ^ Hi {K x D^;Z[G]) >0 

^ ^ Hiif,K;nP]) 



, , Hi{V;Z[G]) 

^H2(N{V),dN{V);Z[G\) ^ © ^ Hi{V x D^;Z[G]) ^0 

where P = -(p—, the set of right cosets of the cyclic subgroup C\^k] ^ G generated by [K], 

and the coefficients in Z[P]) are untwisted. Since the second rightmost horizontal 

homomorphisms are induced by inclusion oi KxS^ and V xS^ into the boundary of if x 
and y X respectively, 

Hi{K-'L[G]) Hi{K X £>^Z[G]) 

and 

Hi{V;'L[G\) Hi{V X D'^-'L[G\) 

are isomorphisms. Moreover, bounds uiRxD"^ C VxD'^,so these short exact sequences 
are split. It follows that 

H2 {l^,dN{K)-Z[G]) ^ Hi{iJiK;nP]) = H2 {W^,dN{V)-Z[G]) . 

Returning to the commutative diagram of long exact sequences , we see from the Five 
lemma that 

- Hi {EK-m) - Hi {Ev^nG]) 



r27y 
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We want to proceed exactly as in the end of the proof of Proposition 13.201 For that, in 
the commutative diagram 



H2{rr 



K) 



H2{Vj 



V 



we need to see that H2{Tjk) and H2{T'yv) have the same image in H2 
previous discussion we have a commutative diagram of exact sequences: 



. Prom the 



^H2{dEK;Z[G] 



H2{Ek-,'L[G]) 



H2{M;Z[G]) 



H2 {dEv, Z[G]) H2 {Ev, Z[G]) H2 (M x /; Z[G]) Hi (i^k; ^P]) 



If M is irreducible or if M = S"^ x S'^ and [K] has infinite order in 7ri(S'^ x S'^) then ax and 
ay are both the zero map (in the second case this is proved as in the proof of Proposition 
EM (2)). Hence, 



H2{dEK; Z[G]) — - H2{Ek; Z[G]) — - i^2(r7x) ^2 




H2idEv;Z[G]) 



H2iEv;nG]) 



H2iTjv) 



H2(p^ 



is commutative, with two epimorphisms in each row, as indicated. It follows from the 
definition of n-concordance that H2{dEK','^[G]) and H2{dEv','^[G]) have the same image 

in H2 ( — — — ) , as desired. If M = 5^ x S"^ and K is null-homotopic then ax and ay 

are onto (see the proof of Proposition 13.19] (1)). As in the proof of Proposition 13.191 (4), 
H2 idEK;^G]) H2{Tjk) and H2 {dEv;Z[G]) H2{Tjv) are epimorphisms. 



We now proceed exactly as in the end of the proof of Proposition 13.201 It was shown 



earlier that l : E^ ^ Ey induces an isomorphism 



Suppose by induction 



^27k r27v 

that for some j <n, l induces an isomorphism = . From the above diagram it 
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follows that 







. Applying the Five Lemma to 



we conclude that i induces an isomorphism 



to 



rj7v ^Iv Ttv 



. Applying the Five Lemma 



0- 



TTK 



we see that l induces an isomorphism 



G 



G 



TTK 



VTy 



- j+l7V 



for all j < n. 



□ 



Corollary 3.27. If Kp is n-concordant to then there is some basing j3' such that Kj^i is 
based n-concordant to Ja. 

Proof. Let V be an n-concordance between Kp and J a. Then = by Proposition 

13.261 Since changing the basing of V corresponds to an inner automorphism of vry , there is 
an element g G ttk such that g~^iiKg ^ fJ-j under ttk ttv ^ ■ Let c be a simple 

closed curve representing and define /?' = c * /3. Then V is a, based n-concordance 
between Kp' and Ja- □ 



For the next proposition recall from Example 13.181 that the canonical epimorphism g„ : 

TTj 

TTj — )• — induces an extendable map : Ej —?■ Bn up to based homotopy. 

r„,7j 

Proposition 3.28. Let V be an n-concordance. For all j < n there exists an extendable 
map f : Ey — > Bj. Moreover, the restriction of f to Ej x {0} is based homotopic to Tj. 



Proof. By Proposition 13.261 the inclusion l = lj : Ej Ey induces an isomorphism 
: — — = — ^ for j < n + 1. We therefore get a homomorphism : vry „ as in 

the following commutative diagram: 



ri7J 



ri7J 



Try 



VTy 
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As Bj is an Eilenberg-MacLane space, /* induces a map / : Ey Bj up to based homotopy. 
Since V is an n-concordance, fiy = fJ-j >^ {0} and 

TTy 

is an epimorphism onto the image of 7ri{dEy) in for j < n. In particular, 

Tj-iy 

M7Ti{dEyUa,pxO)) = ^j{Hj). 

The inclusion dEy ^ Ey is a cofibration, so we may take / : Ey — > Bj such that f{dEy) C 
Tj and f{nv) = /^J- Finally, f^o = qj, so / restricted to Ej x {0} is based homotopic to 
Tj. It follows that / is the desired map. □ 

Theorem 3.29. A knot K is n-concordant to J if and only if some j*^ ^-invariant ^j{K, r) 
is defined and trivial for all j <n. 

Proof. Suppose that K is n-concordant to J via V . We may assume by Corollary 13.271 and 
Proposition 13.21] that V \s a, based n-concor dance. By Proposition 13.28] there exists for each 
j <n an extendable map fj : Ey — > Bj that when restricted to Ej x {0} is based homotopic 
to Tj. Restricting fj to Ex x {1} defines an extendable map Ek — > Bj, so a j^^ f)-invariant 
i}j{K, fj) of K exists. Extending fj to Fj : M x I ^ defines a homotopy from \)j{K, fj) 
to f)j(J, Tj), so [\]j{K,fj)\ is trivial. 

Suppose now that an n^^ (^-invariant f)„(i^, r) of K is defined and trivial. Then there is 
a homotopy 

H -.M xl ^ Xn 

with 



TTf- j ^niJ,Tn){-) if S = 

UK,t){-) if S = 1 



Choose a framing t : S'^ x = ST with {*} x dD'^ = /xj for some * £ and let 
S = t{S^ X {0}). We may assume that H is transverse to ST and contains S C ST in its 
image. Pulling back S yields a surface 

v = VoU-UVm 

in Mx/, transverse to the boundary, such that Vr]{M x {0}) = Jx{0} and Vr]{M x {!}) = 
K X {1}, and each Vi is connected. If V is connected (and based via the basing of J) then 
H\ey ■ Ey — > Bn is an extendable map and V is an n-concordance. 

Suppose that V is not connected. We now show how to connect the disjoint pieces of 
V and redefine H such that the new map is extendable, thus obtaining an n-concordance 
from K to J. Let q & S and for i G {0, 1} let qi £ Vi he points such that H{qi) = q. Let 
B{q) = I X be a closed regular neighborhood of a subinterval of S containing q with 
lx{0} cIxD'^ a zero-section. Let B{qi) x be a regular neighborhood of a closed 

disk in Vi containing qi such that H{B{qi)) = B{q) and such that x {0} C x D"^ is 
the zero-section. Attach a one-handle to (M x I) x I along (M x /) x {1} to obtain a new 
manifold 

N = {M X I) X lU D"^ X D"^ X I. 
We can arrange that x x {i} is attached to B{qi) x {1} such that 
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(1) X {0} X {i} is identified with the zero-section of B{qi) x {1}, 

(2) The resulting 3-dimensional submanifold Wi = V x I U D"^ x {0} x / is orientable, 
and 

(3) N is orientable. 

We give N the orientation of (M x I) x I. 

Since 




commutes, : 7ri{EY xl,px0xl)^ is surjective. Define meridians fiQ and fii 

for Vq and Vi, respectively, as follows: Choose a path Oj, for i G {0, 1}, from p x x 1 to a 
point Vi X Ci e D'^ X C B{qi) and let /Xj = {vi} x S'-'^ U CKj. Since is surjective, we can 
choose aj such that H^^jjn) = jjlj. Recall that 

= y X 7 U x {0} X 7, 

and let N{Wi) be an open regular neighborhood of W\. Then 

(^0 ~ a Via) 

where a generates Z and \i y : I ^ N runs along the one-handle from vq x cq to vi x ei , 
without intersecting (7)^ x {0}) x 7, then a=[ai* * o-q^]- Define an epimorphism 

h:TXi{N- N{Wi)) ^ 

over G by defining h{a) to be trivial (that is, h{a) is the identity element) and defining h to 
be (7f|j\4-xi'-Ar(i/x7))* on tti (M x 7 — A^(F x 7)). This is well-defined since we chose //q and 
Hi such that H^{ijlq) = H^^jii) = jij. Since H {dN{V x I)) C T„ and /i(jUo) = = MJj 

it follows that h (vri {dN{Wi))) = t„(77j), where wc base Wi via the basing of (Jx{0})x{l}. 
Since 7?„ is an Eilenberg-MacLane space, h extends 77 to a based map 77 : N — N(Wi) — )• 7?„ 
such that H {dN{Wi)) C T„. In particular, H restricted to A?^ — N{Wi) is an extendable 
map to Bn, after choosing suitable basings for the components of Wi (which can be done 
since, as we observed earlier, 77* is surjective). 

Our goal now is to add a two-handle to cancel the previously attached one-handle. Let 

co,i : 7 ^ x 7 C (M X 7) x 7 
be an embedded path from dB{qQ)x{l} to dB{qi)x{l} such that H (co,i(0)) and H (co,i(l)) 
lie in the image of the basing path a in Bn- Recall that 77* : 7ri(7?y x7,px0xl)— )■ — 

_ r„7j 

is surjective. We may therefore assume that 7Z"(co,i) U a, the path in 5„ given by following 
a until it reaches 7/" (co,i(0)), following 7f(co,i) until it reaches 7Z" (co,i(l)), and then going 
backward down a, is homotopically trivial in Bn. Let 

c : 7 ^ Ewi C N 

be a curve that travels from co,i(0) G dB{qo) x {1} to co,i(l) G dB{qi) x {1} through 
the one-handle and geometrically intersects the belt of the one-handle once. Since h : 
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TTi [N - N{Wi)) 



is surjective and h{a) is trivial, we may assume that H{c)Ua is ho- 



motopically trivial in Then 00,1*0"" -"^ is a closed embedded curve in N and ii"(co,i*c~^)Ua 
is homotopically trivial in i?„. We may isotope co,i * c^^ to lie embedded on the bound- 
ary of A'', still geometrically intersecting the belt of the previously attached one-handle 
exactly once, and then attach a two-handle to cancel this one-handle. Since co,i * is 
null-homotopic in H extends over this two-handle. The result is a manifold diffeomor- 
phic to (M X I) X I together with a submanifold Wi with one less connected component 
than V X I. Moreover, H restricts to an extendable map on the exterior of Wi, after an 
appropriate choice of basings for its components. 

After connecting the components of V wc will have a cobordism between two knots, but 
we still need to see that those two knots are J and K. However, we can choose the dif- 
feomorphism between (M x I) x I and the manifold we obtained by adding the one- and 
two-handles to be the identity on (M x /) x {0}. Hence, the knots Wi Ci (M x {0}) x {1} 
and Wi n (M x {!}) x {1} are isotopic to J and K, respectively. 

Let Wm C (M X I) X I be the manifold obtained by repeating this procedure m times to 
connect the components of V" = ]J • • • ]J Vm- The connected surface Wm H (M x I) x {!}, 
based via the basing of (J x {0}) x {1} in (M x {0}) x {!}, is our n-concordance. □ 

Corollary 3.30. If K is concordant to J then for each n there is an extendable map r such 
that l)n{K,T) is defined and trivial. 

Proof. A concordance is an n-concordance for all n. □ 

3.6. Characteristic knots. We now restrict our attention to knots in manifolds of the 
second type (i.e. closed, orientable, aspherical 3-manifolds) and investigate the relationship 
between [)-invariants and J-characteristicness. 

Recall that a knot K in M is J -characteristic if there is a continuous degree-one map 
a : M ^ M such that a{K) = J and a{M - K) C M - J. 

Theorem 3.31. Let K be a knot in an orientable, aspherical 3-manifold. If K is J- 
characteristic via a map a : M M that indices the identity on G then K has trivial 
\)-invariants. 

Proof. Up to based honiotopy, a induces a map r : Ek — >■ Ej that restricts to a homeo- 
morphisni dE^ — dEj with r^fix) = fJ-.j- Hence, the composition r„ o r : Ek — -B„ is 
extendable for each n such that the following diagram commutes: 



Since a indices the identity on G and M is an Eilenberg-MacLane space, a is based homo- 
topic to the identity map on M. In particular, \){K,Tn o r) is homotopic to {](J, Tn)- D 

Remark 3.32. Let K he a, knot in M, let rj C Ek be an embedded curve that bounds an 
embedded disk in M, and let N{rj) be a regular neighborhood of rj in the interior of Ek. 



M 



a 



M 




n 
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Let L be a knot in S^. There is a canonical choice of longitude for both r] and L, which we 
denote and A^, respectively; let /x^ and be their respective meridians. Then 

iM-N{r]))U-{S^-NiL)), 

where ~ A^^ and Al ~ /^r?, is diffeomorphic to M via a diffeomorphism that is the identity 
outside a regular neighborhood of the disk bounded by rj. In particular, this diffeomorphism 
induces the identity homomorphism on G. 

Definition 3.33. Define K{r], L) to be the image of K in (M - N{ri)) U - (^^ - N{L)) ^ 
M. That is, the image of K under the inclusion 

K ^ M - N{r]) ^{M - N{7])) U - (5^ - N{L)) . 

For a special case of the following lemma see Proposition 2.2 of [4]. The proof is the 
same. 

Lemma 3.34. If K is a homotopically essential knot in a closed, orientahle, aspherical 
3-manifold then Ex is an Eilenherg-MacLane space. 

Theorem 3.35. Let J he a homotopically essential knot in a closed, orientahle, aspherical 
3-manifold. Let rj he a curve in Ej that bounds an embedded disk in M and let L he a knot 
in S^. Then J(ry,L) has trivial tj-invariants. 

Proof. Since 

^J(,,L) = {Ej - iV(r/)) U - - NiL)) , 
where fiL ~ A^^ and Al ~ /x^, it follows from the Seifert-van Kampen theorem that 

vrj(„,L) := MEji^,L)) = MEj - N{r])) 7ri(53 _ 
as in the following pushout diagram, 

Z2 ^7Ti{S^ -N{L)) 



TTl{Ej - N{t])) ^ -^Jiv^L) 

where I? = '7ri{dN{r])). Also, the image of fij in 7rj(^x,) is a meridian, ^ij(n,L)- Let 
f : ■Ki{Ej — N{r])) — > ttj be the epimorphism induced by inclusion Ej — N{r]) ?> Ej and let 
g : iTi{S^ — N{L)) ^ Z — )• vrj be abelianization followed by the homomorphism that sends 
fiL to A~^. Then the pushout property of 7rj(^^^) induces a homomorphism h : t^,j(j^^l) ~^ "^J 
over G as in the following diagram: 

I? ^7Ti{S^ -N{L)) 



r t \9 

7ri(£;j - iV(r/)) ^ T^J(r,,L) \ 



26 



PRUDENCE HECK 



Since f{fJ-j) = /^j, the commutativity of the diagram implies that h{^j(^ri,L)) 
over, the inclusion dEj ^ Ej — N{rj) induces a commutative diagram: 



fij. More- 



Hj 



TTi {Ej - 7V(r?)) 



Because Ej is an Eilenberg-MacLane space by Lemma 13.341 and /xj 



cofibrations, h induces a map r : E^ 



Ej that extends to M 



^ dEj ^ Ej are 
M and induces 



the identity on G. As in the proof of Theorem 13. 3H we see that J{ri, L) has trivial \]- 
invariants. □ 
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